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The multiscale entanglement renormalization ansatz (MERA) provides a constructive algorithm
for realizing wavefunctions that are inherently scale invariant. Unlike conformally invariant partition
functions however, the finite bond dimension χ of the MERA provides a cut-off in the fields that can
be realized. In this letter, we demonstrate that this cut-off is equivalent to the one obtained when
approximating a thermal state of a critical Hamiltonian with a matrix product operator (MPO)
of finite bond dimension χ. This is achieved by constructing an explicit mapping between the
isometries of a MERA and the local tensors of the MPO.
Introduction. Arguably the central problem in the study
of extended quantum many-body systems - whether it is
in the context of high energy physics or condensed mat-
ter physics - is the identification of the relevant infrared
(IR) degrees of freedom. A new perspective on this prob-
lem arose with the advent of tensor network states (TNS)
[1, 2]. The crucial feature of the TNS approach is that
it directly targets the quantum many-body state and in
particular its entanglement structure. In this sense TNS
realise a compression or truncation of the exact quantum
state in terms of the most relevant entanglement degrees
of freedom. In particular, as the virtual (contracted) in-
dices of the tensors encode the entanglement structure,
the bond dimension χ of these indices can be thought of
as the systematic control parameter of the entanglement
compression achieved by a particular TNS. Given their
success thus far it is desirable to better understand the
precise nature of this compression. In this letter we focus
on systems with one spatial dimension.
For matrix product states (MPS), this picture of entan-
glement compression was recently made more concrete
in terms of the Euclidean path integral representation of
the state [3–5]. In particular it was argued that MPS
approximations can be understood as efficient compres-
sions of the strip path integral over a finite imaginary
time interval L, with L scaling polynomially in χ. This
explains why MPS approximations for ground-states of
gapped systems are essentially exact for sufficiently large
bond dimension, while for critical systems this motivates
the use of finite entanglement scaling methods in direct
correspondence with the finite length scaling methods of
Monte-Carlo simulations [6–10].
In this letter we address the role of the finite bond
dimension and the type of compression in the case
of the multi-scale entanglement renormalization ansatz
(MERA) [11–13]. This is a different type of TNS, that
is tailored specifically towards the description of critical
systems. A remarkable feature of this ansatz is that it
realises an explicit renormalization group (RG) flow di-
rectly at the level of the quantum state: the network has
an extra scale dimension with subsequent layers of lo-
cal isometries and unitaries (disentanglers) effecting the
RG flow. In contrast to MPS, this structure allows to
capture the power-law decay of correlations and the log-
arithmic growth of the finite interval entanglement en-
tropy, already at finite bond dimension. Furthermore,
the conformal data of the theory - the different scaling
dimensions and operator product expansion (OPE) co-
efficients - can be extracted directly from local scaling
operators that are constructed in terms of the MERA
isometries and unitaries [14–16]. Notice that it has been
shown already that one can construct MERA states di-
rectly from the application of the tensor network renor-
malization (TNR) procedure on the half-finite Euclidean
path integral with open physical indices [17]. But regard-
ing the role of the bond dimension this merely shifts the
question to the role of the bond dimension in TNR.
Here we will offer a different view: we will argue that
MERA approximations for critical systems can be under-
stood naturally in scale space. For this we revisit and fur-
ther develop the results of [18] on the MERA realisation
of the conformal plane to strip map, which for the MERA
is a map from physical to scale space; see also [19, 20]
for related approaches. In particular we will argue and
show numerically that the half-infinite subsystem density
matrix reduces to a thermal (strip) state in scale space,
ρscale = e
−βH¯ , for a Hamiltonian H¯ belonging to the
same universality class as the original critical Hamilto-
nian H for which the MERA was optimised. The picture
that is emerging is one where a finite χ MERA yields
a particularly efficient matrix product operator (MPO)
approximation for thermal states. Intriguingly, our nu-
merics indicate that χ is controlling both an IR and ultra-
violet (UV) cut-off of the CFT Hamiltonian H¯. Further-
more, the (single-site) MERA scaling operator appears
as the transfer matrix of this strip state, which relates
the MERA procedure for extracting scaling dimensions
to Cardy’s finite-size scaling [21–23]. Finally, motivated
by the MPO compression view, in the last part of this
letter we propose and implement a new algorithm for the
construction of isometries and corresponding scaling op-
erators from direct MPO approximations of the thermal
state in terms of the original Hamiltonian H.
From real space to scale space, from the plane to the strip.
It is useful to start with a brief review of some CFT re-
sults in the continuum as this will guide our interpreta-
tion of the discretised MERA states. We take a CFT on
the infinite line and consider the vacuum density matrix
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Figure 1: (a): The MERA expression for the reduced
density matrix on the right infinite half-line. (b): The
MPO expression for the reduced density matrix in scale
space ρscale, constructed out of the isometries and their
conjugates. (c): The corresponding transfer operator for
the partition function that is equal to the single-site
MERA scaling operator.
for the infinite right half-line subsystem. First, for any
relativistic QFT (including CFTs) a foliation of the Eu-
clidean path integral in the angular direction leads to the
general expression (see e.g. [24]):
ρ = exp−2pi
∫+∞
0
dx xT00(x) , (1)
where T00(x) is the energy density operator. Here and in
the following we drop the normalisation constant ensur-
ing Trρ = 1. For CFTs then, the conformal map from
the plane to the strip with width β,
z → w = β
2pi
log z , (2)
maps this density matrix to a Gibbs state that is trans-
lation invariant:
ρstrip = exp
−β ∫+∞−∞ds T¯00(s) . (3)
Here z = x + it and w = s + iτ . Notice that at the
level of Hilbert spaces, this conformal map boils down
to a canonical (isometric) map W of the original CFT
Hilbert space on the half-line subsystem x ∈ [0,+∞] to
a new CFT Hilbert space on the full line s ∈ [−∞,+∞],
with e.g. the transformation for the energy density oper-
ator: W+T00(x)W = (
ds
dx )
2T¯00(s) = (
β
2pix )
2T¯00(s), where
T¯00(s) is the energy density operator on the new Hilbert
space and we drop the Schwarzian derivative term pro-
portional to the unit operator [25]. It is readily checked
then that this map W indeed transforms ρ into ρstrip:
W+ρW = ρstrip.
We now consider the discretised version of a half-line
CFT density matrix as realised by a numerically opti-
mised ternary MERA with bond dimension χ. As illus-
trated in fig.1a, by contracting the ket and bra to the
left of the origin, we obtain the reduced density ma-
trix ρ defined on the real space interval x ∈ [0,+∞].
All tensors to the left of the causal cone of the origin
site drop out due to the unitary and isometric restric-
tions on the tensors, resulting in an explicit expression
ρ = WρscaleW
+. Here ρscale is the matrix product oper-
ator (MPO) of fig.1b, with the MPO tensors constructed
out of the MERA isometries and their conjugates at the
different layers labeled by the RG log-scale s. W is the
full isometry from the physical real space indices on the
right half-line, to the virtual indices in scale space that
are cut by the right causal cone. For a critical MERA
ρscale will be translation invariant up to the first few s-
dependent isometries that capture the non-universal UV
behaviour of the state. The previous continuum CFT
discussion then strongly suggests that W gives us a dis-
cretised version of the conformal plane to strip map, in
particular with z = 3w, as local operators at position x
in physical space get mapped to local operators at po-
sition s ∼ log3(x) in scale space. Notice that different
from [18], we consider here both the bra and ket, and as
a consequence the map W is exactly isometric.
Taking W as the discretized plane to strip map we
get the prediction that the bulk density matrix in scale
space is a thermal (strip) density matrix with inverse
temperature β = 2pilog(3) of a Hamiltonian H¯ with the
same IR CFT fixed point as the original Hamiltonian for
which the MERA was optimised:
ρscale = exp
− 2pi
log(3)
H¯ . (4)
Before discussing the numerics in light of this predic-
tion, let us point out that this ties in nicely with Cardy’s
seminal results on finite-size scaling for CFTs. From the
conformal plane to strip map it was shown that the corre-
lation functions on the strip should decay exponentially,
in particular the transfer matrix T on the strip (with
periodic boundary conditions) should have the spectrum
T = exp−
2pi
β ∆ , (5)
with ∆ the scaling dimensions of the local primary oper-
ators and their descendants [21–23]. As shown explicitly
in fig.1c, upon a proper identification of the indices the
transfer matrix of ρscale indeed precisely reduces to the
single-site MERA scaling (super-)operator S that is used
to extract the scaling dimensions from the MERA simu-
lation according to S = exp− log(3)∆.
We have studied the properties of ρscale at different
MERA bond dimensions χ, for the transverse-field Ising
model at its critical point. First we have numerically op-
timised all the MERA tensors with the standard MERA
algorithm [13] - including two non-scale invariant UV lay-
ers, imposing the explicit Z2 symmetry of the Ising model
[26, 27]. Then we have considered the MPO expression
for ρscale constructed out of the (scale-independent) bulk
isometries (fig. 1b). Using standard matrix product state
(MPS) techniques, we then have constructed an MPS ap-
proximation of the fixed point of the MPO in the ther-
modynamic limit, and have used the MPS particle mo-
mentum eigenstate ansatz [28], to approximate the one-
particle excitations on top of the fixed point.
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Figure 2: (a): The log spectrum of the MPO ρscale
(fig.1b), ω = − log ρscale, in the thermodynamic limit,
for the bulk isometries optimised on the critical Ising
model, for different bond dimensions χ. (b): The
comparable log spectrum for bulk isometries initialized
differently (see text). In each case the blue solid line
shows the linear dispersion with gradient β = 2pilog 3 .
In fig.2 we show the resulting log spectrum, ω =
− log ρscale for MERA optimizations on the Ising model
for different χ. Notice a subtlety involving a MERA
gauge choice: depending on this choice one ends up with
an isometry that gives rise to a positive or non-positive
scaling operator S, and a dispersion relation of the type
of fig.2a or fig.2b [29].
From the prediction (4) we would expect a momen-
tum regime with a linear spectrum, ω(k) = βk, with
β = 2pi/log(3). For the different χ values we indeed find
a linear regime in very good agreement with this predic-
tion. To discuss the role of χ we focus on the dispersion
relations of the first type (fig.2a). It turns out there is a
small mass gap for k → 0, which for growing χ decreases
as an approximate power law, as can be seen in fig.3a (red
crosses). Notice that we have made sure that this is not
an artefact of our MPS approximation of the fixed point:
our results were well converged in the MPS bond dimen-
sion. Furthermore χ also has its effect at the other side
of the spectrum, where we again see a deviation from the
linear result. To associate a UV energy scale Λ to this
effect, we have identified ω(pi) = βΛ sin(pi/Λ). Notice
that there does not seem to be a unique preferred way to
identify this UV scale. The rationale for our particular
choice is that the right-hand side corresponds to an Ising
dispersion relation on a coarse grained lattice with O(Λ)
sites blocked into one effective site. In fig.3b we see that
1/Λ again appears to obey an approximate power law in
χ. So, taken at face value the bond dimension χ seems
to control both a relevant (IR) and irrelevant (UV) per-
turbation to the CFT. In the proper scaling regime both
type of operators give power corrections to the finite size-
scaling (5) [22, 30, 31] which in our case should therefore
translate to power corrections for the scaling dimensions
obtained from the MERA scaling operator S. This is rea-
sonably consistent with our numerical results, see fig.3c
and fig.3d.
From thermal states to isometries and scaling operators.
The results above suggest that a MERA optimisation is
in effect performing an indirect compression of a thermal
(a) (b)
(c) (d)
Figure 3: For our Ising model simulations, with
isometries obtained from MERA optimizations (red)
and from direct MPO compressions (blue). (a): The IR
gap in the dispersion relation, (b): The inverse UV
cutoff, Λ−1 in the dispersion relation. (c),(d): The error
in the first two scaling dimensions. All as a function of
the number of variational parameters N , with N = χ4
in the MERA case and N = 16D2 in the direct MPO
case.
state for a critical Hamiltonian in terms of an MPO of
the particular form fig.1b. Our numerics indicate that
this compression is efficient, with both the IR and UV
cut-off scale, together with the corrections on the exact
CFT scaling dimensions decaying according to a power
law in χ. As such this is no surprise as in general, both on
theoretical grounds [33, 34] and based on many previous
numerical applications, it is known that thermal states
of local Hamiltonians can be efficiently approximated by
an MPO.
To make contact with the MERA results of the pre-
vious section we have considered a specific direct MPO
compression scheme. In particular we have followed the
approach of [35], by evolving the infinite-temperature
state with the Hamiltonian in imaginary time using time-
evolving block decimation in a second order Trotter ap-
proximation, with a timestep ∆t = β20000 . In this
way we have constructed an MPO approximation for
ρ = exp−βH/2, for which the tensors in the proper (left-
canonical) gauge are isometric. Upon multiplication of
this MPO with its hermitian conjugate we arrive at an
MPO approximation for ρ = exp−βH of the specific form
fig.1b.
Notice that the resulting isometries are not of the ex-
act MERA form: the two outer lower legs of the isometry
have a different bond dimension than the upper leg and
center lower leg. The outer legs have a fixed bond dimen-
sion d2 = 4 due to the blocking of two lattice sites, each
with local Hilbert space dimension d = 2. The other
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Figure 4: (a): The log spectra of the MPOs ω = − log ρ,
for MPO representations of the Ising thermal state at
temperature β = 2pi/ log 3 for different D. (b): The
velocity of the free boson describing the XXZ model for
different values of g as calculated from the log-spectrum
of the D = 30 MPO, the solid line is the exact result
[32]. (c): The Ising scaling dimensions from the MPO
transfer operator for periodic (red circles) and twisted
(green crosses) boundary conditions (at D = 80). (d):
The XXZ (periodic boundary) scaling dimensions for
g = −1/2 (at D = 200).
two legs have a bond dimension D which controls the
level of compression. By blocking more physical sites
one could also generate MERA isometries with uniform
bond dimension. Another obvious difference is that we
now directly target the thermal state of the original mi-
croscopic Hamiltonian H, in contrast to the MERA case
for which the entanglement Hamiltonian H¯ only shares
the IR properties with the Hamiltonian H on which the
MERA is optimised.
In fig.4 we show our results from this direct compres-
sion scheme for thermal states. Besides the critical Ising
Hamiltonian we have also considered the XXZ model.
We were in principle free to chose β but simply stayed
with the previous value β = 2pi/ log(3). Let us first dis-
cuss the Ising results. From the generated MPO approx-
imations at different D we obtained the log spectrum
fig.4a in the exact same way as for the MPOs arising
from the MERA simulations. The scaling dimensions of
fig.4c were obtained from the transfer (scaling-) operator
according to (5). We also computed the non-local scal-
ing dimensions by adding a twist σz ⊗ σz on one of the
outer legs of the isometries, see [36] for the same proce-
dure on the MERA scaling operators. In fig.3 one can
see that the IR and UV scale for the direct MPO results
(inferred from fig.4a) together with the errors on the scal-
ing dimensions, indeed have a similar power law scaling
behaviour as in the MERA case. Notice though that now
Λ should converge to 4, in correspondence with the exact
microscopic Ising result on our blocked lattice. For the
MERA case, with growing local dimension χ we expect
Λ→∞.
We have performed simulations on the XXZ Hamil-
tonian, H = σxσx + σyσy − gσzσz, along the full criti-
cal line |g| < 1. Notice that for this model, in general
the velocity v(g) 6= 1. This implies a linear dispersion
ω(k) = βv(g)k/2 on our (2 site) blocked lattice. From
our results on the log spectrum of ρ we can fit a value
for v(g) that agrees nicely with the exact result [32],
as can be seen in fig.4b. The velocity v(g) also shows
up in the scaling dimension relation, which now reads:
S = exp−
4pi
βv(g)
∆. Fig.4d shows the g = −0.5 results from
this scaling operator. The XXZ model is significantly
more challenging than the Ising model, this is reflected
in the fact that a significantly higher bond dimension is
needed to accurately determine its scaling dimensions.
Outlook. Our results demonstrate that the finite bond
dimension χ approximation of a MERA is of the same
nature as the finite bond dimension χ MPO approxima-
tion of a thermal state of a critical Hamiltonian. This
points to a new algorithm for creating critical MERA
states. We have shown how to obtain the isometries,
the complete algorithm of course also requires a similar
construction for obtaining the disentanglers. But notice
that the MPO expression of fig.1b corresponds to a spe-
cial cut. One can verify that arbitrary cuts lead to MPO
expressions for ρscale that also involve the disentanglers,
giving rise to non-translation invariant transfer matrices
that depending on s take the form of the single-site scal-
ing operator or the left, centre or right double-site scaling
operators. This shows how to obtain the disentanglers:
by minimising the breaking of translation invariance for
MPOs corresponding to such general cuts [37]. From the
(bulk) disentanglers, in combination with the isometries,
one can then also obtain the OPE coefficients, overcom-
ing the main limitation of the thermal MPO approach
that we presented here.
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